In this paper, we investigate the value distribution of difference polynomials
Introduction
In this paper, we shall assume that the reader is familiar with the fundamental results and the standard notation of the Nevanlinna value distribution theory of meromorphic functions (see [, ] ). The term 'meromorphic function' will mean meromorphic in the whole complex plane C. In addition, we will use notations ρ(f ) to denote the order of growth of a meromorphic function f (z), λ(f ) to denote the exponents of convergence of the zerosequence of a meromorphic function f (z), λ( http://www.advancesindifferenceequations.com/content/2012/1/200
Theorem B If f (z) is a transcendental meromorphic function, n ≥  is an integer, and a ( = ) is a constant, then f (z) -af (z)
n assumes all finite values b ∈ C infinitely often.
He also conjectured in [] that the same result holds for n =  and . However, Mues [] proved that the conjecture is not true by providing a counterexample and proved that f -af  has infinitely many zeros.
Liu and Qi proved two theorems which considered q-shift difference polynomials (see [] ), which can be seen as difference versions of the above classical results.
Theorem C Let f be a zero-order transcendental meromorphic function and q be a nonzero complex constant. Then, for n ≥ , f n (z)f (qz + c) assumes every nonzero value b ∈ C infinitely often.
Theorem D Let f be a zero-order transcendental meromorphic function and a, q be nonzero complex constants. Then, for n
Remark  They also conjectured the numbers n ≥  and n ≥  can be reduced in Theorems C and D. But they could not deal with it. In fact, Zhang and Korhonen [] also proved a result similar to Theorem C under the condition n ≥ . Obviously, it is an interesting question to reduce the number n. In this paper, our results give some answers in some sense.
Main results
In order to express our results, we need to introduce some definitions (see [, ] ). A positive increasing function S(r), defined for r > , is said to be of finite logarithmic order λ if
S(r) is said to be of infinite logarithmic order if the limit superior above is infinite.
is a function meromorphic in the complex plane C, the logarithmic order of f is the logarithmic order of its characteristic function T(r, f ).
It is clear that the logarithmic order of a non-constant rational function is , but there exist infinitely many transcendental entire functions of logarithmic order  from Theorem . [] . Hence, the transcendental meromorphic function is of the logarithmic order ≥.
Let f (z) be a meromorphic function of finite positive logarithmic order λ. 
This quantity plays an important role in measuring the value distribution of a-points of f (z). Throughout this paper, we denote the logarithmic order of n(r, f = a) by λ log (a), where n(r, f = a) is the number of roots of the equation f (z) = a in |z| ≤ r. It is well known that if a meromorphic function f (z) is of finite order, then the order of n(r, f = a) equals the exponent of convergence of a-points of f (z). The corresponding result for meromorphic functions of finite logarithmic order also holds. That is, if f (z) is a non-constant meromorphic function and of finite logarithmic order, then for each a ∈ C, the logarithmic order of n(r, f = a) equals the logarithmic exponent of convergence of a-points of f (z).
Although for any given meromorphic function f (z) with finite positive order and for any a ∈ C, the counting functions N(r, f = a) and n(r, f = a) both have the same order, the situation is different for functions of finite logarithmic order. That is, if f (z) is a nonconstant meromorphic function in C, for each a ∈ C, N(r, f = a) is of logarithmic order λ log (a) +  where λ log (a) is the logarithmic order of n(r, f = a).
Theorem . If f (z) is a transcendental meromorphic function of finite logarithmic order λ, with the logarithmic exponent of convergence of poles less than λ - and q, c are nonzero complex constants, then for n
Remark  The following examples show that the hypothesis the logarithmic exponent of convergence of poles λ log (∞) is less than λ - is sharp.
have only one zero. We know (see [, ] )
Thus, λ = , and the logarithmic exponent of convergence of poles λ log (∞) is equal to λ - = . Hence, the condition the logarithmic exponent of convergence of poles is less than λ - cannot be omitted. http://www.advancesindifferenceequations.com/content/2012/1/200 
Proof of Theorem 2.1
We need the following lemmas for the proof of Theorem .. For a transcendental meromorphic function f (z), T(r, f ) is usually dominated by three integrated counting functions. However, when f (z) is of finite logarithmic order, T(r, f ) can be dominated by two integrated counting functions as the following shows.
Lemma . ([]) If f (z) is a transcendental meromorphic function of finite logarithmic order λ, then for any two distinct extended complex values a and b, we have
T(r, f ) ≤ N(r, f = a) + N(r, f = b) + o U(r, f ) , (  .  )
where U(r, f ) = (log r) λ(r) is a logarithmic-type function of T(r, f ). Furthermore, if T(r, f )
has a finite lower logarithmic order
Lemma . If f (z) is a non-constant zero-order meromorphic function and q ∈ C\{}, then T r, f (qz) =  + o() T r, f (z) (.)
on a set of lower logarithmic density . 
Lemma . If f (z) is a transcendental meromorphic function of finite logarithmic order λ and c ∈ C\{}, and n ≥  is an integer, set G(z) = f n (z)f (qz + c), then T(r, G) = O(T(r, f )).
Proof We can rewrite G(z) in the form
For each ε > , by Lemma . and (.), we get that
From Lemma ., we have
By (.) and (.), we have
T(r, G) ≤ O T(r, f ) . (  .   )
By Lemma . and (.), we have
Thus, from (.) we have ) .
(.) and (.) give that T(r, G) = O(T(r, f )).

Proof of Theorem
, which contradicts n ≥ . Hence, the claim holds. By Lemma ., Lemmas .-., Lemma ., and (.), we have
where U(r, f ) = (log r) λ(r) is a logarithmic-type function of T(r, f ).
Note that for the logarithmic exponent of convergence of poles less than λ -, we have
By Lemma ., we know (.) can be written into
From (.) and (.), we have
for sufficiently large r. By (.), (.), and n ≥ , we have
This contradicts the fact that T(r, f ) has logarithmic order λ. Hence,
That is, G -b has infinitely many zeros, then f n (z)f (qz + c) -b has infinitely many zeros.
This completes the proof of Theorem ..
Proof of Theorems 2.2 and 2.3
Let
By Lemma . and (.), we obtain 
